Equi-Gradient Temporal Difference Learning by Loth, Manuel et al.
HAL Id: inria-00117178
https://hal.inria.fr/inria-00117178
Submitted on 30 Nov 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Equi-Gradient Temporal Difference Learning
Manuel Loth, Manuel Davy, Rémi Coulom, Philippe Preux
To cite this version:
Manuel Loth, Manuel Davy, Rémi Coulom, Philippe Preux. Equi-Gradient Temporal Difference
Learning. Kernel Methods and Reinforcement Learning, workshop of ICML 2006, Jun 2006, Pitts-
burgh, USA, United States. ￿inria-00117178￿
 
	 !#"%$&(')*+,.-	
/1032547698*:<;>=@? ACBEDGFGH3IKJLI9MENPOQHRN5FGSETUBEDGNJVFGDGTXWGYIZT[I\IZHE]3JL^9_
`Eacb`edgfChjilknmoiCp3q*rsacmCiactuvb
wRxyw
z{@|R}C~XVX
w3Z5 to{y@K|
b3z

/1032547698*05 ACBEDGFGH
I>JVSPBWGQH

YyI\T[I\IZHGJV^9_
`7tap dgfChjilknmoiCp3q*rsacmCiactuvb
wRxyw
z{@|3}C~XXV@3w3Z5 to{y@K|
b3z

9,;>4!8g;K _5H
ACTJVPM7FGI9MEAQFGDGTXWGYyI\T[I\IZH
GJL^9_
`Eacb`edgfChjilknmoiCp3q*rsacmCiactuvb
wRxyw
z{@|R}C~XVX
w3Z5 to{y@K|
b3z

?!g8¡ ! <6¢¤£6\47¥ ¦
OGT[IZT[¦
¦3HGJL¦
_5H3F5§QFGDETXWGYyI\T[IZI\H
5JV^\_
`Eacb`edgfChjilknmoiCp3q*rsacmCiactuvb
wRxyw
z{@|R}C~XVX
w3Z5 to{y@K|
b3z

¨ª©o«Z¬R­3®¯K¬
°Cw3z~X3±ªxy²3³XZ{cxµ´¡@¶¸·Z@z{@|¤¹z3@ºxy²
»9
{
²
¼½K@)¿¾>»Z¾3w3Uz¤z@À»´<zyÁ{Áz²¢~V)ºu
²3~V
VÁz3~X3±
|¾3zy»9~UR~X3±Âl9w3º#½KzÃ»´Ä´[u
Å ~X\x³>1¾K»¾3w
XzX±»z~Vxy²3ºÀ{ V~X¹p9}hµ{@Æ
Ç*²3·Â²>¼Ã3»x½K@Èºw
²È~V9Á{cx~V±\x@Â~X
xy²3 Å @X»´P»ZZx~V9w3»Zw
{!zy@~V3´¡»zº@ZxX@z3~X3±
dgi`!q²3»¶nZzÁ|xy²3Cº~V¿zyÁ{y»É½>@~V3±#xy²3C»ÊKu
V~X3¤
xw3z»´7¹Zz35X±»Zzy~Vxy²
º{@|9¶²3z@Z{*i`
3Á3{Àx»³w3¾P3xµ@{xy~XºÀx@{~Lxzxy~X@V·ZÆlÇ*²3
ºÉ»\{cxo3»x½3X»\xyz~V½
wRxy~X»¢·xo²
Z{½K@Äxy²
x
»´d¡ËÌ
±x ÆX|ÍÎÎ\Ïq(|¿¶²3»Âw
{y@{Ã¤w
{u
{~UÐ¾3z»RÁ{y{y@{@ÆÑË<3±@ {ºx²3»RÐ~U{»´¢x²3
{yºÉ
xyw3z{Ä`E@Z{cxyupR\w
zyÁ{Ç°|C~XÒxy²
x
~Lxo»
{y~URz{Zz·Ó»½>{@zyx~V»Z´¡zy»ZºÔxy²
{xzyx
»´xy²3µX@zy
~V3±{y@{{y~V»ZGÆavx¿²
Z{À½K{y²3»¶
xy²
x<xy²
~X{nÓVÁÉx»»Z9z±@
*~U{y{yw3Á{|9»ZRu
xyzz·Õx»ÖÇ°¶²3~U²1¾Kzy´¡»zº{jw3¾P3x@{»ZRu
R~Lx~V»Z3@Ã»Z×x²3ÄU{xÓ»½
{yzxy~X»>{»Z3X·ÆØ 
²
¼Äx¹ZÕ³¶~XR ¾K»~XZx»´#9~X¶Ù»Z¹@zy3@
ºÉxy²3»R3{¤Z{Cºx²3»R3{o»´<z±ZzyÁ{y{y~V»Z¢¶~Lx²j3»ZRu
¾
zºxzy~U¤½
Z{~U{cuÚ´¡w3
xy~X»
{uv3xc¶n»z¹R{|3
¢~V3u
xyz»93w
ÂÛz~Uxy~X»»´Ç°Üxy²
xÕw
{y@{ªx²3
zyÁ\xV·e~X\xyz»93w
ÁÖ`E@{xut
±X i@±z@{{~X»
p\xy@¾\¶~U{y#dg`7tCiCp3qºÉxy²3»RÀ~XÀ¾3U»´Pxy²3C±zu
R~V@\xRÁ{y\x{cx¾GÆ7axy²
~X{»\xyÝ\xÁ|Áxy²3`EtoiCp
~X{E\~X¶n@
¤z
ºÉÁ{7¿ÞßàRá[âgãäyåZæágÞç
è7æZÞâ
éê Þç
èÚÆ#Ç*²3~U{¤XV»¶{Cxy»¢¾3¾
zy»¼ÝR~Xºxy#xy²3ÉXw3
´¡w3
(x~V»Zs¶~Vxy²ÈÖ{yV´[u3¾Rxxy~X³½>{y~X{j´¡w3
u
xy~X»
{C3xc¶n»z¹P|3~V>{cx@¢»´Ì Å ÝR@5|K¾
zºxyz~X
»3ZÆ ëow3zX±»z~Vxy²3ºì»º½3~X3@{xy²3V»¶Ð»ºÉu
íGîcïðòñòóñòô9õîöÄ÷ø@îcùRúµû,ô9üZïyîoîcïýñòï÷lþXø@î¤ÿ ZïÉù¼ïîcôZïðóõ ZñLôZï
þUø@îoîcïñòôZþXø@îïóïôÿðòï(õîcôZñLôÀ÷ø@îcù	
 ZøEø@ôRï 9õ@ð þ<ø@þÌÿ Zïô
ÿcïîcô9õÿcñLø@ô9õð!øÁôþUïîcïôïÉø@ôõ \ñòô\ï>ïõîcô\ñòô! yú#"nø
ô\ø@ÿ<üñ$vÿîcñ%&ZÿcïÁú
¾3VÝR~Lxc·e>e±»9»Re»Z\Zz±@
Ä¾3z»¾Kzyxy~X@{¿»´
¾
zºxzy~U¤Ç°d
λ
q¶~Lx²¢xy²3¾
zyÁ~U{~X»¢
´[u
Å ~X\xw
{y¤»´!xy²33xÉ»´!¹@zy3@5ºxy²
»9
{Æ
'(*),+ ¬9­.-0/21C¯K¬43- +
Ø ,Z3Rz@{{5x²3,¾3¾3z»¼Ý9~XºÀx~V»Z»´9xy²3nXw3´¡w3
xy~X»#´¡»z
xº¾K»z
R~VÊPz
ºxy²
»9
{Ì~XÀzy@~VR´¡»Zzº\xÌX@zy3~X3±
¾
zy»Z½3V@ºÀ{Æ}Ìzy~X»w
{Cxy~XX~V3±\{ºÉxy²3»R3{²
¼Z#½K@)~X9@{xy~Vu
±\x@65¢{ydp9wRxyxy»Z)r87*zyxy»
|:9;;=<\q,´¡»zC~X
{x
>5K|P{
¶nXP{,3w3z>3xc¶n»z¹R{Ì¶²3~U²Ó²
¼Z¾3z»9~XRÁ@zy·É3~U
z@{yw3Vx{7½>»xy²´¡»Zz!3~X{zx<¾3z»½3XºÀ{ndgÇ7@{w3z»
|,9;;ZÏZq(|¼

´¡»Zz»ZZx~V9w3»Zw
{*¾3z»½3XºÀ{dvk,»w3X»º¢|>ÍÎÎZÍZq(Æaxy²3{º
x~VºZ|7x²3zÓ²
Z{½K×´¡zy@4?·z»w3> {yw3¾3¾K»zyxÁ(x»z
ºÀZ²3~V
@{!
5|º»Zzy,±
zXV·Z|@¹Zz3\ºÀ²3~X3@{@|¼º»Z{xyX·
~Xx²3 Å U»´o{yw3¾>@zy9~U{ÁX@zy3~X3±³dU{{~ Å @xy~X»×

z±ZzyÁ{y{y~X»Ã¾3zy»Z½3XºÀ{qÆÂÇ*²3@{yµxc¶n»xy²
zyÁ3{¿@\xyw
VX·
º~VÝR@x²3@{y¿U{x·Z@z{¶~Vxy²%x²3¶,»Zzy¹R{½9·edÚëozº»3@~Lx
rÙp9@G|<ÍÎZÎZÍ4@`7±Z»w
3¹9~X{rBAzz@|ÍÎZÎ=C.@iCxy~Vx²D7ÆX|
ÍÎÎ=E.@EË<3±@<x&ÆX|ÍÎÎ\Ïq(ÆÓfo{~X3±µ¹Zz3ºxy²3»R3{´¡»z
z~XR´¡»Zzº\x,X@zy
~V3±É~U{,
»x{cxz~V±Z²\x´¡»z¶*z5|xy²
»w3±Z²G|

{@z5R~GFÓw3Vxy~X@{²
¼xy»½KR@Lx¶~Vxy²IH
•
¾3wRxx~V
±ox²3n¹z3@Zºx²3»R3{~XZx»Cx²3nzy@~VR´¡»Zzº\x
VÁz3~V
±¾3z»½
V@ºÐ´¡zº¶n»z¹
•
º¹9~V3±Éx²3¹@zy3@PºÉxy²3»R3{C½3Xxy»À¶n»z¹À»RuvV~X3
•
º¹9~V3±#xy²3@º ½
Voxy»R»É~LxJFÓ~V@ZxV·Z|Rx*V»¶Õ»ºÉu
¾3wRxxy~X»
G»\{cx{Æ
aµxy²3~U{¾
¾KzÁ|>¶n#¾
zy»Z¾>»\{x»w>{#xy²3É`G@Z{cxyuvtC3±X#iu
±ZzyÁ{y{y~X»³p\x¾9¶~X{ydg`EtoiCp3qÉX±»Zzy~Vxy²
º¸¶²3~U²³²>{É½>@
»Zzy~X±~X
VX·×¾
zy»Z¾>»\{Áª~VÒz±z@{{y~V»Zª»\xyÝ9x@|¶~Vxy²3»ZwRx
¹Zz3X~K?@x~V»Z¿d¡ËÌ´¡zy»Z#xjÆX|ZÍÎÎ	E9q(ÆEÇ*²
n`7tCiCp#²
{7x²3
 
	! "#$%&(')*+,	
½K@ª¹z3@V~K?Á5|,
³~VxÓ²
Z{ÀRº»>{cxzxy@×@zy·%±Z»9»9
¾Kzy´¡»zºÀ
¤´¡»zC´¡@xw3z#{@VÁ(x~V»Zdw3~X±w3Z|GÍÎÎ\ÏqÆnØ 
´¡»Zzyºw3Uxyxy²
µ`EtCiop~Xe {yX~V±Z²ZxV·%º»Zzy¢±@3zn¶*¼·|
z>º~V
±×~VxjÐÞßàRá[âgãäyåæágÞç>èæZÞ éê Þç>è|
Õw>{~VxÄxy»
X@zyx²3Xw3¤´¡w3
xy~X»Ä»´À»\xy~X9w3»w>{hµz¹»ÓRÁ~Vu
{y~X»¾3z»½
V@º|¼¶~Vxy²3~Xx²3nzy@~VR´¡»Zzº\x!VÁz3~V
±´¡zºu
¶n»z¹PÆ,Ë,Zw
~Luv±zR~X\xRÁ{y\xC²
Z{xyxyz(x~VZ¾3z»¾Kzyxy~X@{
x»xy²3~U{À@
5|
ÃÁzV·ÝR¾>@zy~Xº\xzyÁ{w3Vx{¿{²3»¶ ~Lx{
FÓ(xy~X@3@{{>¿FÀ~V@
·ZÆ
Ç*²
~X{#¾
¾Kz~X{#»z±Z
~G?@@ {¤´¡»ZVX»¶{Hp9@xy~X»³ÍÄ3 Å 3Á{
x²33»xxy~X» w
{y@Òxy²
zy»Zw3±²3»ZwRxÄxy²
¾
¾Kz@Óp9@xy~X» C
¾
zyÁ{@Zx{x²3É@\w3~VuÚ±ZzZR~V@\xoR@{@\xºx²3»RÄ´¡»Zzoz±ZzyÁ{cu
{y~X»GÆ!Ç*²3G|p9Á(x~V»Z>EC¾3z@{y\x{5xy²
<»z~X±~X
¾K»~X\x7»´Rxy²3~U{
¾>¾KzÁ|Ex²
x~U{|7xy²
Ó¶n¼·)¶,Àw>{À~Vx#~Xxy²3¿Ç°Éd
λ
qV±Z»u
z~Vxy²3º @Rp9@xy~X»ÓÏoxy²3@À¾3z»\~URÁ{!ÝR¾>@zy~Xº\x
{{y@{{cu
º@Zx»´
xy²3*`EtÇ°Éd
λ
q(ÆÌÇ*²3n¾
¾>@z!V»\{Á{E»Z#o{yw3ººÀz·

R~X{w>{y{y~V»Z»´7´¡w3xyw3z¶,»Zzy¹À»Z¿x²3~U{X±»Zzy~Vxy²3º¢Æ
- (/.10324 ®­ + 3 +65
`Exw
{³»>{~URzx²3ª´¡»XX»¶~V3±Ö´gº~XV·s»´Ä»ZZx~V9w3»Zw
{
hjz¹»ÀR@~X{y~X»¾3zy»R@{{Á{dÚp9wRxyxy»µr 7*zyxy»
|!9;=;=<\q H
•
t1R·9
ºÉ~U7{y·R{cxº~X{C»½
{yzÁ¢x3~X{zx Å ÝR@
xy~XºÉ~X\xy@zyU{
t ∈ {0, 1, . . .}
•
avx~U{o3@{z~V½K@Ä½9·~Lx{¤{cxxy
xt
¶²3~U²µ½KX»3±\{x»
»\x~V9w3»Zw
{*{¾
Z
X
Æ
•
tnx*Á²¿xy~XºÉ
t
|3Z(xy~X»
ut
²3»Z{y~V¢ Å 3~Vxy{yx
U
~U{¾3¾3X~X@jxy»xy²3À{y·R{cxº¢|G¶²3~U² {xxy½K@»Zº@{
xt+1 = ut(xt)
ÆeÇ*²3µR·9
ºÉ~U{»´oÁ²×Z(x~V»Z×~U{
RxzºÉ~X3~U{cx~X
¹\
»¶GÆ
•
tÑz¶*z
rt
~U{l{{»R~Xxy@&xy»@Z²&xz
{~Vxy~X»
xt−1
u
−→ xt
t ¾>»ZV~U·
π
{{y»9~XxyÁ{xy»×@²e{xxy)³²3»Z{yZ(xy~X»
π(x) ∈ U
|>xy²
,¾3z»½
V@ºÒ»´
ºÀÝR~XºÉ~K?~X3±oR~U{»w
Zx@
{yw3ºÛ»´5z¶*z3{x»#»ZºÉC~X{,»>{~URz@IH Å >R~V
±#¾K»X~X·
x²
xºÀÝR~Xº~G?@@{ ∑
t=1 γ
trt
´¡»Zz*9·¿{cxzyx*{xxy
x0
|3¶~Vxy²
γ ∈]0; 1]
ÆÒÇ*²3µz¶*z´¡w3>(xy~X»e~U{ÓX{y»Rxzº~V3~U{xy~U

¹\
»¶GÆ
Ç*²
¼Vw
o´¡w

(x~V»Z
V π
»´!¾K»X~X·
π
²
{nx²3¤´¡»XV»¶~X3±
¾
zy»Z¾>@zxc·Z|R¹\
»¶{87oÞ:9,9<;åç= é Þßà
åèÚá?>çH
~V´
x
π(x)
−−−→ x′
V π(x) = r
(
x, π(x)
)
+ γV π(x′)
d9Áq
tCl»¾Rx~VºÀ#¾K»X~X·
π∗
~U{µ»Z½Rx~V
@Ò±zÁR~VX·´¡z»º ~Lx{
Vw3´¡w3>(xy~X»
V ∗
H
π∗(x) =
zy±ZºÝ
u∈Ur(x, u) + γV
∗
(
u(x)
) dÚÍq
d¡xy²3~U{~U{3»xnxzyw
¤´¡»z3»ZRuÚ»Z¾Rxy~XºÀP¾K»X~X~VÁ{q
@BA?CAED  7=ÁgGF=Á?HÀ ,;>8?H×¡=@6\£0R=Ág;K2
ëo¾3xy~XºÉ~U{xy~U¾>»ZV~U·)~Lxzxy~X»ªd 7n@zx{@¹¼Z{| 9;=;IZqo»Z
{~U{x{
~X¢zy Å 3~X3±@{xy~XºÀxyÁ{*»´
π∗
>
V ∗
|
Z{n´¡»XV»¶{H
~X3~Lx~XV~K?
V̂xy²
<»¾3xy~XºÉ~U{xy~U<{{yw3º¾Rxy~X»¤x²
x
V̂
@{xy~XºÀx@{
V ∗
X@Z3{
xy»ÀR Å 3
π̂
±zÁR~VX·Ó¶zyx@Æ
V̂
|>{*~XË,>Æ7dÍqJH
π̂(x) =
zy±ZºÝ
u∈U r(x, u) + γV̂
(
u(x)
)
8g;E;
 
¾3¾3X·
π̂
´¡»zÉ9w3º#½KzC»´Exz
{y~Lx~V»Z
{
w3¾K
xy
V̂
¶zyx@Æ!x²3»½
{yzÁÓ@zyz»z{<~X¢Ë<KÆEd9¼q
d[xy²
²
3±Z¤~V
V̂
~V>Rw
Á{²

±~V
π̂
q
692KJ%8;G;> 
Ç*²
zzy»Zz{,~V¢Ë<KÆEd9Áq*zyoxy²3¤xº¾K»zGR~VÊK@zy@
Á{H
dt = rt − V̂ (xt−1) + γV̂ (xt)
`Exw
{»
{y~URzH
•
»3uÚ@¾3~X{y»RR~Vxyzx~V»Z
{H,¢@¾3~X{y»RR#»
{y~X{x{~Vj¾Ru
¾3V·9~X3±
π̂
Rw3z~V3±
n+1
x~Vº*{cx¾
{nd
n
½K~X3±¤{x7~XZ9u
¼
»z¤»Zzyz@{y¾>»Z
R~X3±Àx»Ó±Z»ZE½K~X3±z@Z²3@>q(|
´¡zy»Zº&z>R»º&{xxy
x0
xy»Ä Å 
Ì{cxxy
xn
ÆÉfC¾Ru
3x@{»´
V̂
dg>×»
{y@\w3@ZxV·
π̂
qzyÄR»Z3¢´[xy@z
@²¾
~X{y»RRÆ
•
¾3¾3z»¼ÝR~VºÀxy~X»»´
V
½\·½
{y~U{*´¡w3
xy~X»
{C3xc¶n»z¹
d 7*bmoq H
V̂ (x) =
∑
i
βiφi(x)
¶²3z
φi
 {|7¶²3~X²¶n¶~VX<VBLÞåèàRäyÞ é |7zyÉ´¡w3
u
xy~X»
{
X → R
|Z>
βi
 {@|\¶²3~X²À¶n¶~XVKVKM<ÞáLãON9è é |
zÀ~V
R
Æ¢`Gxw
{#»
{y~X3z½K»xy²1P
åäåQ;ÀÞèÚä(á ê 7*bm
¶²3zxy²3{x#»´*´¡@xyw3z@{
{φi}
~U{#{yx~VZR
|

Èç>ç
âP
åäyå$;ÞèÚä(á ê 7*bm.¶²3zxy²3~U{j{yxµº~X±²\x
»ZVZ3w3zy~X3±X@z3~X3±
Æ
`Exw
{*
»xy
• β = (. . . , βi, . . .)
T
•
±~X¢¾
~X{y»RR
{x0, . . . , xn}
|
R r = (r1, . . . , rn)T
R Φi = (φi(x0), . . . , φi(xn))T
R Φ = (. . . , Φi, . . .)
R V̂ = (V̂ (x1), . . . , V̂ (xn))T
R d = (d1, . . . , dn)T = r−HΦβ
¶~Vxy²
H =


1 −γ 0
1 −γ
0
Æ Æ Æ


 
	! "#$%&(')*+,	
@BA @BA ;K2P=@2547;K4KF  
λ  032Jª 0R£036\=£?H
	
Ç*²
)Ç°Éd
λ
q¿V±Z»z~Lx²3º dÚp9wRxx»G|9;<=<Zq»
{y~URz{xy²>x
x²3Éxy@ºÉ¾K»zR~VÊK@zy@
É»½>{@zyZ@µx
xt
~X{3»x¤3~Vz@xyX·
zUx@xy»Óxy²3@zyz»z*ºÀ3»
V̂ (xt)
Æna>{cx@G|3~Lx¤{cxx@{
x²
xoxy²3~U{zzy»Zz~U{C±ZzZRw
XX·¿~X\Z»XÁ~X)V{yw3½
{y@\w3\x
xº¾K»z5R~VÊK@zy@
Á{|R>Óx²\w>{¾3¾3z»¼ÝR~VºÀxy@{Ìxy²3¤@zyz»z
x
xt
½\·!H
V (xt)− V̂ (xt) '
n∑
t′=t
(λγ)t
′−tdt′ ,
V
½>@~V3±*x²3Ìxzyw
w33¹93»¶¤Xw3´¡w3
xy~X»»´\x²3<w3zyz\x
¾K»X~U·Æ
Ç*²
@{xy~XºxyÁ¿@zyz»z*Á(x»z*»9~X{y~Lx@¢{xx@{*~U{nxy²3@IH
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